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Abstract In a two-period economy with incomplete markets and
possibility of default we consider the two classical ways to enforce the
honor of financial commitments: by using utility penalties and by using
collateral requirements that borrowers have to fulfill. Firstly, we prove
that any equilibrium in an economy with collateral requirements is also
equilibrium in a non-collateralized economy where each agent is
penalized (rewarded) in his utility if his delivery rate is lower (greater)
than the payment rate of the financial market. Secondly, we prove the
converse: any equilibrium in an economy with utility penalties is also
equilibrium in a collateralized economy. For this to be true the payof
function and initial endowments of the agents must be modified in a quite
natural way. Finally, we prove that the equilibrium in the economy with
collateral requirements attains the same welfare as in the new economy
with utility penalties.
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1. Introduction

One of the concerns of the modern general equilibrium theory with incomplete
markets (GEI) is the possibility of agents who do not honor their financial commitments.
Since non-negligiblelefault is observed in the real world, it is necessary to use a realistic
model to capture the possibility of its occurrence. This is done in order to analyze the
implications of default and evaluate policies which avoid financial crashes or loss of

efficiency.

In Dubey, Geanakoplos and Shubik (2004) agents are allowed to default on financial
debts but each unit of financial debt that is not paid is penalized directly in the utility
function. Thus each agent has a payoff function which depends on the private
consumption and the amount of non-paid financial debt. On the other hand, Geanakoplos
and Zame (2002) model the possibility of default by allowing the borrowers to deliver a
previously constituted collateral if its value is lower than the value of the financial debt.

In both cases the default is strategic and chosen by the agent.

The utility penalty parameters used in the former approach are usually related to the
loss of credibility of the defaulter in future periods, which restricts his access to the credit
market in those periods. The parameters are also interpreted as a sort of non-economic
punishment that the agent suffers when the debt is not completely paid. From the
theoretical point of view, the possibility of default using utility penalties improves the
efficiency of the equilibrium allocations as proved by Zame (1993). The main advantage
of using utility penalties is its analytic treatment in applied models (see for example
Goodhart, Sunirand and Tsomocos (2003a, b)).

The use of collateral requirements provides in some cases a more realistic alternative
to model the possibility of default. If the borrower desires a loan he has to constitute a
collateral bundle (that can be used by him or by the lender) which may be confiscated if
the debt is not paid. In addition to being a more realistic device than utility penalties,

their inclusion in models of infinite horizon, as shown by Araujo, Pascoa and Torres-



Martinez (2002) and Orrillo (2002), avoids Ponzi schemes. To see other benefits of
collateral in economies with infinite horizons and defaults, we refer to Kubler and
Scemeders (2002). However, it is interesting to note that some kinds of loans are not
backed by collateral (for example, loans related to sovereign debt or credit cards).
Besides the benefits of the collateral mentioned above, there are economic and analytic
complications to the policy maker if he decides to use this collateral framework in

applied models.

The question is: given an equilibrium (prices, allocations of consumption and
portfolio and decision of default), is one of these alternatives better than the other to
support/explain it? In this paper we show that both approaches are equivalent (in the
sense described below) to explain any equilibrium. Specifically, suppose that we have an
equilibrium in an economy with collateral requirements. We can then find a system of
penalty rates such that the economy with these utility penalties supports the same prices
and allocations as equilibrium. In this new economy agents must be punished (rewarded)
if they deliver less (more) than the average delivery of the financial market. Reciprocally,
any equilibrium in an economy with utility penalties is also an equilibrium in a
collateralized economy. For this to be true we need to modify the payoff function and

initial endowments of each agent in an appropriate way.

The implications of the results above are clear. If the number of commodities in a
collateralized economy is greater than the number of states, then we can replace the
enforcement mechanism by one which uses utility penalties. This may be an important
simplification for applied economists, since the calibration of utility penalty parameters is
easier than the processing of data to determine the collateral structure. On the other hand,
moving from a utility penalty system to a collateral one allows us to evaluate the impacts
of structural changes on the mechanisms which enforce the honoring of financial
commitments. This is analyzed in detail in Subsection 3.2.

Once stated the equivalence above, we discuss its welfare implications. If one passes

from the economy with collateral requirements to the economy with utility penalties, the



equilibrium allocation maintains the same utility profile of the agents. This means that it
does not matter which mechanism enforces the honor of commitments - the agents end
up with the same utility in equilibrium. However, when we pass from the economy with
utility penalties to the economy with collateral requirements the social welfare is not
comparable, in general. Although we cannot maintain the utility of the agents in
equilibrium, as in the first case, we prove that the cost/benefit of passing from a penalty

system to a collateralized one is equal to the variation of the individual payoff.

The paper is organized as follows: Section 2 describes the simple two-period setting
for the GEI and the two forms to enforce the financial commitments, namely utility
penalties and collateral requirements. Section 3 presents the main results, which establish
the equivalence between the two mechanisms. We also analyze the welfare implications
of this equivalence. Section 4 is devoted to some concluding remarks, and all the proofs
are given in the appendix.

2. The Basic GEI Model with Possibility of Default

We begin by describing the two classical models which represent situations where
agents may non-honor their financial commitments. The economy extends over two
periods and uncertainty exists only in the second period. ThereLepistsical goods in
each period which are traded in spot markets. In the sequel we will use the same letter to
denote either the set or its cardinality. The uncertainty in the second period is described

by the set of state$ ={1...,S .}There existJ financial assets, each one offering a
contingent real return given bi! OR" . Markets are incomplet&¢ J) and since goods

can be durable, the depreciation in stdedescribed by the matrix, O R .

There existH agents, each one characterized by his consumptioX 'sé&t R-*

utility function on private consumption” : X" - R and initial endowmentsv" 0 X",

A consumption plan for agehtis denoted byx = (X,,X,,....xs) O X". Analogously, the

purchases and sales of financial assets are denoted ®¢6,,...0,)0R; and



¢ =(¢,,....6,) DR, respectively. The following hypothesis will be assumed in all

theorems below:

Hypothesis For each h,u" is a continuous and concave function on its domain and

w'>>0.

The commodity prices are denoted Ipy OR. for goods in the first period and
p. OR; for goods in the second period if stat@ccurs. Asset prices are denoted by

mOR] and they are traded in the first period.

If agenth sells ¢, units of assejtthen his debt for the second period will pgAQd;j

and since we are allowing the possibility of default on that debt, it is necessary to define

mechanisms to enforce the repayment of (at least part of) that debt.

2.1. The Economy with Exogenous Collateral

In this setting each assgtdJ is backed by a collateral bundlg, OR: in the
following sense: If an individual wants to sell units of assej then he must bugZ;¢,
units of goods (that can be used by himself) that will be confiscated if the financial debt
pSAgkpj is not paid. Thus, it is publicly known that each unit of agsetl deliver in
states dJ =Min{ p,Al, p.Y.C,}. Therefore the economy with incomplete markets,
possibility of financial default and collateral requirements is defined by:

e ={(X" U™ W) e, ((A)) 51 Cj ) o (Ye) s}
The definition above assumes that the preferences of individuals are defined on

private commodity consumption. However, more general settings can be considered

which allow preferences to also be defined on the portfolio plans of the individual. In

these cases we can consider a payoff functidn X" xR?» _, R for agenth. In the

particular case above"(x,8,9) =u"(x, +Co,(x, )



An equilibrium for £, is a vector of pricegp,77) DR™™ xR and consumption-

investment allocatiorgx",8",¢") 0 X" x R*’ for eachhOJH such that:

1. For each hOH, (x",6",¢") maximizes u"(x, +C@,(x, )) on the set of
consumption-investment plargg,6,¢) 0 X" x R?’ that satisfy:
PoXo + 78 + P,C < Py + 71
P X, +stj¢j < pw! +sz91 +Z PY,C,h, + p.Y.X,; sOS
]

2. Markets clear:

ZXO+C¢ ZWO

x! = |_W2 +Y, (% +C¢“)J; sdS
2572
3030

2.2.The Economy with Utility Penalties

The other form to enforce the repayment of the debt is assuming the existence of a

penalty directly applied to the utility of consumption. In this way, if adgedéecides to
deliver a part of his debt given bp. O[O, p,Al¢; , Then his total payoff is given by

V"(x,¢,D) =u"(Xy, (X)) - Z/\:j[psAsj¢j -D/]". As in the model described in section
],S

2.1, the payoff function may assume more general forms than the quasi-linear form

considered here.

Since the penalty is on the non-paid debt, large amounts of short sales may occur,

therefore a bounded short salél R; of financial assets must be considered. Therefore



the economy with incomplete markets, possibility of financial default and utility penalties
is defined by:

&s ={( Xh’uh’Wh)hDH ’((Asj ’/\i)s[]sj'm V), (Ys) st !

Since borrowers may default, lenders are aware that they will not receive the total
return of their investments. Therefore they publicly assume that the rate of repayment of

assef in statesis t! 0[0.1], which means that if a lender bu@s units of assejt then the
return of this investment is given bl p, A6, .
An equilibrium for the economy, is a vector of prices(p,m) RS xR,

SxJ

repayment rates (1[0,1] and for eachh a consumption-investment-delivery plan

(x",8",¢", D" O X" xR* xR>’ such that:

1. For eachh, (x",08",¢",D") maximizesV"(x,¢,D )on the set of consumption —
investment-delivery plangx,8,¢,D) 0 X" x R x R>’ that satisfies:

PoX, + 710 < pOWQ + T
P X, +JZ’DSJ < pwW +JZtSJ PAD, + p.Y.%; sOS
2. Markets clear:
S =y
Z X! = Z[WQ +YSXQ]; sOS
7030

3. The payment rate is correctly anticipated (rational expectations hypothesis):
. — S . H
t) :H‘—h, providedthat Zd;j‘ #£0
Z PAYD )

! To simplify notation we delete tieindex from the penalty rates.



3. Results
3.1 From Collateral to Utility Penalties

In this section we will present the main results of the paper. The first one states
that any equilibrium in an economy with collateral requirements can be found in an
economy with utility penalties with the same initial endowments, if the payoff functions

of individuals are modified conveniently.

Theorem 3.1. Let (p,m,(x",6",¢") ) be an equilibrium of the economy with
collateral requirementg. ={(X",u",w"), i, (Al ) ¢s:C;) oy (Y ) s} - If we define the

SxJ

repayment rate t[[01]%’, individual delivery decisionsD" O R>’ and payoff

functionsV "(x,¢,D) as:
. ] Y.C.
PsA O PA
V'(x¢.0)=u"(9 - ¥ Bl[tp.Ag, - D!]
S, ]

E; D, =dJ¢] and
0

(where B! is the Lagrange multiplier of the s-budget constrain of hejn) then

(p, 1t (X +Co",x0,8",¢",D"),) is an equilibrium for the economy with utility

1 Ng

penaltiese, ={( X" V", W")1on (AN ws 1y, V), (Ye) s} for some bounded short sales v
J{EN]

It is important to note the following:

1.- In the economy. agents must purchase durable goods which serve as collateral for
each asset sold. Since in the econapyit is not necessary, the total consumption in the
first period must remain ag) +C¢".

2.- Initial endowments, asset returns structure and depreciation rates remain the same.
This is an important fact for applied economists because they can choose the simplest
model from the same initial data.

3.- Prices and allocations are the same in equilibrium for both economies.



4.- The payoff functions of the agents can be read as follows: in the new economy, an

agent is punished if his delivery ratB{/(p,Al¢; ) i3 lower than the payment ratg of

the economy and he is rewarded in the other.edise, if k! is the rate of default in

assej if states occurs, then the payoff function can be re-written as:
V"(x$,D) =u"(x)~ Y Blt!|p,Al¢, - D[+ T BIKID].
S S, ]

This is the same Dubey, Geanakoplos and Shubik (2004) payoff function (with a
personalized default penalt}}’ = 8/t}) plus a term which is proportional to the market

default rate. This last term encourages the delivery of the debt.

It is worth noting that Theorem 3.1 proposes the translation of a collateralized
equilibrium to equilibrium in an economy with utility penalties. The former is a physical
enforcement mechanism whereas the other is a subjective (and probably non-observed)
enforcement mechanism. In spite of that translation which modifies the payoff function
of individuals, they end up with the same private welfare. This is stated in the following
corollary.

Corollary 3.2. With the notation of Theorem 3.1 we can conclude that:

VI (xg +Co",(x0),8",D") =u"(x§ +C¢",(x,)); OhOH.

This means that for the economiegs and &, of Theorem 3.1 the type of

enforcement mechanism (collateral requirements or utility penalties) does not matter,

from the social point of view. The individuals will end up with the same welfare.

3.2 From Utility Penalties to Collateral
In Theorem 3.1 we can see that the market default rate is the same in the two

economies. Furthermore the delivery per unit of each assetB@ildd(J“) is the same for

all individuals. It is a particular property in an economy with exogenous collateral
requirements. The delivery per unit of each asset sold may vary from individual to



individual in an economy with utility penalties. In this case it is difficult to define a
collateral structure that supports the same default rate in equilibrium.

To state the converse of Theorem 3.1, we are going to introduce the following

notation. Let(p,m,t,(x",8",¢",D"),, )be an equilibrium of the economy with utility
penaltiese, ={(X",u" W' )yey (AL, AL) s 0 V). (Ya) s Yand pl = DI /(p, AlgT) (if
the denominator is zero, definp” = ).0For any given collateral systei® O R-

S

define dJ = Min{ p,Al, p,Y,C, }. The monetary return of the agénportfolio in states
Is:

ry = ; (t! p.AB" - pYp,Alg") (i theeconomy wh utility penalties)

J

J

r"= ng (91“ —¢“) (in theeconomy Wi collateratequiremets)
J
Analogously, the present value (in utility terms) of the portf¢diop) O R> is:
R"(6.9) = D;ag(tsj PAD, - pl pAlg, ) (in theeconomy wih utility penalties)
joJ8Is
R"(0,¢) = D;a:dg (Bj —¢j), (in theeconomy vth collateratequiremets)
joJ8Is

wherea! OR, is the Lagrange multiplier of trebudget constrain of agehtin &, .

Finally, let us define the sel, ={j 0J/ p,Al < p,Y,C, (the set of all assets with

honored promises in stagp

With these notations we have the following theorem.

Theorem 3.3. Let (p,m,t,(x",0",¢",D"),,,) be an equilibrium of the economy with
utility penalties £, ={( X", u",W") i, (AL, AL o505 V), (Vo) s} With D" >>0 for all
hOH . Then for any collateral systei@ 0 R", the vector of prices and allocations
(p,m,(x",0",0"),) is an equilibrium of the economy with collateral requirements

gc ={(X" V" W")1n, (A gs,C;) 15 (Ys) s} and bounded short sales v, where:

10



W =w+ S AL(t6] - ple]) - ;As(@“ ¢7)- ;YCJ(GT—M)—YSC(D“
+C¢

and:

~h h hyj j j Sh h U 2
V'(x9.6)=u"(0+ 3 allip. A6, - p.AG )R @0 +ar - 5 pY, 9.
S 0 ay U

It is easy to verify thatp, W +7."+p.Y.Co" = pw! +r" > 0 Therefore,
althoughW.! may not be inR', the total wealth (financial and non-financial) is strictly

positive at least for one consumption-investment plan, so the budget constraint has a non-

empty interior in the new collateralized economy.

The payoff function of agerit in the new economy of Theorem 3.3 has a quite

intuitive interpretation. The last terlzm(',‘[p0 - Zs(a;‘/ag)pSYSJCqb is the net value of
the collateral bundle in utility units. Since that collateral requirement did not exdst, in

this term has to be added to the utility of consumption. The ﬂéi’l(f&?,gb is the net

financial return in a collateralized economy (in utility units). It has to be subtracted from
the consumption utility in order to compensate its inclusion in the new budget constrain.

Finally, the second term in the new payoff function can be written as:
Za:(tsj; pSAsjej - Dsj )_ za:(psAsj¢j - Dsf)
S, | S, ]

Here the first term corresponds to the net financial return in an economy with
utility penalties. Since this return is dropped out from the budget constraint, we have to
compensate that effect in the utility of consumption. The second term represents the value
of the default given b¥. It must be subtracted from the utility of consumption because
that term corresponds to an implicit gain that adpemad in the former budget constraint.

We can summarize the composition of the new payoff function in the following diagram.

11



Utility of eliminated |Utility of additional

Thenew Utility of . .
= ity _ | +| termsn thebudget| - [termsn thebudget
payoff function  |consumptio ) )
constraint constraint

Neteffectof Neteffectof droppingout
collateraimplementaion| [from utility penaltiesystem

Theorem 3.3 is important not only because it allows us to see an equilibrium in an
economy with utility penalties as a collateralized equilibrium. It also provides a very
intuitive way to implement a collateral system by a central planner (CP). Suppose that a
CP wants the implementation of a collateral syst@mn an economy with utility
penalties. It must be done maintaining the same equilibrium. The CP should then execute
the following steps:

i) Int = 0the CP must len€¢" to individualh. This is in order to preserve

the initial consumption and to allow the purchase of collateral. It implies

that the new initial endowment will b&] =w) +Cg¢".

if) Int = 1 the CP transfers the amount to individualh in the states. This

is done because the CP must compensate individuals for having past from

a utility penalty system to a collateral system. So the monetary return of

the former system has to be paid. Note tﬁrsh =0. Therefore, it is a
hi

lump-sum transfer among individuals.

if) Int = 1 the CP receives frorh the value of the depreciated collateral
(received in i)) in state, namely p_Y.C¢".

iv) Finally, int = 1 CP receives the amount® from individualh in states.
This is the payment that has to be made to implement the new system of

collateral. Again, this is a lump-sum transfer sirfse," = 0.
h

Observe that ii), iii) and iv) imply that the new initial wealth m 1 of individual
hin the statesis p,w/ +r! —." - p.Y.C¢" which in fact is equal tq W/ .

It is also worth noting that in the equilibrium agérdttains the following payoff:

12



VI(x"9",6") =u"(x") = 5 Allp.Alg) - DY [+ R"(6",¢") - R"(6",4")

O al O
+a(;] [Po _Z_h psYs|j:¢h'
[l a5 Uy [l

We can interpret this payoff from remarks i) to iv). In terms of utility, i) and iii)
imply that the payoff of agenh is increased ina; EFO—z(aQ/aQ)pSYsﬁ:da“.

Furthermore, the transfer given in ii) increases the payoff functid®'(8",¢" and)the
payment made in iii) decreases the payoffRh(6",¢" . With all these modifications,

the new payoff of agetitbecomes/ " (x",6",¢" )

When we pass frong, to £, an analogous result to Corollary 3.2 cannot be

obtained. Since it is not true that a borrower (lender) delivers (receives) the same amount
in the new economy, he can improve or not his individual welfare. Additionally, the new
payoff includes the net personal utility of the collateral borrowed from the CP.
Nevertheless, the net value (rutility units) of passing from an economy with utility

penalties to a collateralized economy is given by:
hrah 4h Sh/ah 4h h 0 g 0 h
R'@"9)-RYO"6") ra3 o= 8 DY 09"
S 0

which is exactlyV" -V". It means that the cost/benefit of implementing a collateral
system in an economy with utility penalties is equal to the individhgdayoff change.
For the sake of completeness, we state a theorem which is similar to Theorem 3.3

but includes the case where agents may deliver nothing in the equilibriagn #gain,
let (p,m,t,(x",0",¢",D"),,, ) be an equilibrium of the economy with utility penalties
gp ={(X"u"W") s (AL AD) g 0y V), (V) s} @nd for eacthOH ,jO0J, sOS and
n (an integer greater than one) let us define the funagidnon the interval [0y] as

shown in figure 1:

13



hj A
Pen

p.Al¢} - D/

Figure 1
The ¢ function may be interpreted as a default strategy of the individu@he net
marginal utility for defaulting by using the strategy is given by:

N,@) =Y lal ALl @))

S, ]
We can observe thal, is zero outside of the s:{aqb? -/ n),¢§‘ +(1/n)]” . With this

notation we can state our last theorem.

Theorem 3.4. Let (p,m,t,(x",0",¢",D"),,,) be an equilibrium of the economy with
utility penaltiese, ={( X", u",w") i, (AL AD) g5 05, ), (V) s} - Then for each integer

number n>1 and each collateral systenCOR}"“, the prices and allocations

(p,1T,(x",6",6"),) is an equilibrium of the economy with collateral requirements

Ecn ={OX" VW) 10 (A g5s.C,) o0+ (V) s} @and bounded short sales v, where:

W=+ 5 ALO] -~ T~ 5 ALG] ~4]) =S Y.C, (6] ~4]) - Y.0f"

F =W +Co"
and:

~ . . . ~ 0 al 0
Vnh(x’¢’9) = uh(x) + Zash(tsJ psAsjej - psAsJ¢j)_ Rh(9’¢) +a(? Epo - ;F psYsg:¢
S, ] S 0

+N,(9).

14



We can observe that the payoff function of Theorem 3.4 coincides with that of

Theorem 3.3 except in the s{¢1f ~(Un),¢] +@/ n)]J , which decreases as — +o.

All the analysis done after Theorem 3.3, with respect to the implementation of a

collateral system irg, and its individual cost/benefit, is also valid for Theorem 3.4.

5. Concluding Remarks

In the literature of general equilibrium theory with incomplete markets and possibility
of default, the issue concerning the choice of the mechanism to enforce financial
commitments is always discussed. From the theoretical point of view the use of collateral
requirements seems more reasonable. However, the use of utility penalties which
represent either exclusion from the credit markets in future periods or non-economic

punishments has been well received, especially by applied economists.

In this paper we show how these two structures can be compatibilized in order to
explain a specific equilibrium. More precisely, if we consider an equilibrium in a
collateralized economy for loans, it is possible to redefine the payoff function of the
agents to obtain the same equilibrium in this new non-collateralized economy. The payoff
functions are modified in such a way that they embody some sort of punishment if the
agent does not honor at least part of his debt. Conversely, if we have an equilibrium in an
economy with utility penalties and we want to implement a system of collateral
requirements, it is possible to redefine the payoff functions and initial endowments of the
agents to obtain the same equilibrium in the new economy. Lending the collateral and
exchanging the financial earnings of the old system for the corresponding in the new
system we obtain the modified initial wealth. Also, all these modifications imply the
corresponding modification (in utility units) of the payoff function. This is a very natural
way to implement a collateral system in a economy where the default is penalized
directly in the utility function. The hypotheses used for these results are the concavity of
the utility function and the positiveness of the initial endowments.

15



Finally, we offer a discussion on the social welfare of these findings. If we pass from
an economy with collateral requirements to one with utility penalties, the individual's
welfare is maintained. This is a very interesting result because it affirms that both
mechanisms used to enforce financial commitments are socially equivalent. In
equilibrium the agents achieve the same individual welfare. On the other hand, if we pass
from an economy with utility penalties to one with collateral requirements the individual
payoff may vary. However, the cost/benefit (in utility units) of implementing the new
system equals the variation in the payoff for each individual.

APPENDIX

In most of the proofs we will use the following version of the Karush-Kuhn-Tucker

theorem (see Avriel (1976)). Consider the following maximization problem:

[Maximize f(x)
(MP) Esubjectto g,(x)<0 ,m=1..M
xQC

whereC is a convex setand : R" - R andg,,:R" - R.

Theorem (*): 1) Suppose that f is a concave function angdis a convex function
for each m. If xxOC is the solution of (MP) and there exists[]C such that
g(?() << 0 (this condition is called Slater's condition), then there exist Lagrange

multipliers A, 20; m=1,...,M such that for allxJC we have:
FO) = F(¢) <Y An(9n(¥) =90 (6))

and the complementary conditionk; g,,(x*) =0, m=1,..., M
2) If there exist feasible vectorg [IC (i.e g(x*) <0) and Lagrange multipliers

A,20;, m=1...,.M such that for allx(JC we have:

FO) = F(¢) <Y An(9n(¥) =90 (6))

16



and the complementary conditiong; g..(x*) =0; m=1..., ,Mhen x*C is the
solution of (MP).

Proof of Theorem 3.1 The allocation(x",8",¢" )is optimal for agenh in the
economye.., then using theorem (*): there exi8f' 0 R such that for allx 0 R-C™

0,0 OR],
U (%, +Co, (%)) ~u" (X2 +Co", (x")) < B, (% +Co) - (X2 +Co™) )+ m{@ -6") - (9 - 9"}

Ll . . Ll
+y Bl P “X)+ Y A9, -9]) =y dl(6, ~6)) - p.Y, (% +C¢) ~ (X! +c¢“))g

Then, for any¢ <v = Max{pow(’)1 /(pOCJ. —nj) j0J,hO H}.; (where 1=(1...)OR’)
and D! O[O, p,Al¢; ], we can substitute, +C¢ by x, and dJ =t!p,A] and rewrite

the inequality above as (we will use th notation for denoting the deviation from the
optimal value):

U" (X, (%)) ~u" (g +C9", () < Be{ o (% = (x5 +Co") )+ a0 -2
0 | -

+Y B EPSA“XS +3 A'D) - Tt p, N6, —pY, (x, ~ (X} +co")
: : ] 0

+% Botip AlN$, - BA'D,.
2 72

Then we can define/" (x,¢,D) =u"(x,,(x.))~ ¥ B2 {t/p,Alg, ~D!) and write
S, ]
down the inequality above as:

A" < Bo{ps (% — (x5 +CoM)+ mlae - ' )}

] . . . ]
+ Z Be EPSA“XS + ZA“ DJ - Zté DAIN'G, — Y, (%, — (X! +C¢“))%

In the economye., the complementary conditions for the agénmaximization

problem are:

17



B5{po (0 — W) + (p,C—m)p" + 8"} =0

BP0 ~w)) + 3 dlg" ~ 3 dl6! ~ .Y, (0 + Co" )= 0
0 0

If we substituteD’ =d/¢" and d/6 =t!p,Al6, the complementary conditions
for agenth in the economye, will result. Theorem (*) shows the optimality of the

allocation for the new payoff functiod" in the €CoNoMye, .

The market clear conditions are easily checked.

Proof of Corollary 3.2 In this case the payment rate is the same in both economies,
ie.d! =t!p,Al andD;’ =d/¢. Let us substitute the equilibrium allocation in the new
payoff function defined in the proof of theorem 3.1.:

VI () +Co,(x).0", D) =u"(x} +Cp", (x1) - 5 BL(t p, AT - DY)
S,
=u"(x +Cp", () - Y Bl(alg! ~dlg))
S
=u"(xg +C¢",(x))).

Proof of Theorems 3.3 and 3.8y using the theorem (*), the optimal allocation

(x",8",¢",D") of agenth in the economye, must satisfy the following: there exists
a" OR?" such that for al(x,8,¢,D) OR-®" xR} xR} x R®’ we have:
Nus S AN TpA Y, -D/T+ai{pa"x, +m(a'e - A'p)}
S, ]
+Zahgp A"x +ZA“DJ —th p AAG, - pYA“xOE
E 0 ] T J 0

where A" represents the variation with respect to the optimal value. If we define the
function:

7'(10.0.0) =00~ 3 Alp.e, ~0l] vai - 5 il e
+Y alltip,Alg, -D))- Y ald! @, -¢)).

and substitute it in the inequality above, the result will be:

18



V"(x,6,4,D0)-V"(x",6",¢",D") sagl, +  alL,
where L, = p,A"(x, +C@) -m(A'0-A"¢ ) and L, = pA"x+ ZdeA“(qu -6,)
J

- p.Y.A"(x, +C¢). To eliminate the variabl® from this inequality (because it is not a
decision variable for the individual problem in a collateralized economy) it is sufficient to

consider a¢ —D path which containg¢ [, D )n its graph. Using thep! function
defined before Theorem 3.4, we consider the [math= p,Al¢, —¢l) (¢, . Supstituting

these paths into the functiaf" we will obtain the following payoff function:
~h h h j j oh h O (12 N
V' (x6.6)=u"(x+ S allt! p,Al6, - p,Alg,)-R"(8.9) +a P03, i PY.LE9
S,] S 0

+5 @ =)l @),
S, ]
which is exactly the payoff function of Theorem 3.4. To obtain the corresponding payoff

function of Theorem 3.3 we have two cases:
1o0.) If D = p,Al¢] > 0theng! = Q
20.) 1f DY O(0, p,Al¢}) thena! = AL,
This implies thatp? = 0 Therefore ifD" >> Othen the payoff function of Theorem

3.3 results.

The complementary conditions are easily checked. So we have the optimality of
(x",6",¢") on the budget constraint of individuhlwith payoff functionV." in the

economy with collateral syste@

The proof of the market clear conditions for the first period is straightforward. For the
second period we need to define the det={j0J/p,Al < p.Y,C, (thHe set of all

assets whose promises are honored in sjafiehen, the initial endowment of agemin

states can be written as:

W= Y ALUO] ~pR9]) - 5 AL —4]) =3 Y.C, (6] ~9])-Y.Co"

19



Then, from the market clear conditions of the second period of the ecanomagd

3 ole!
29

second period for the econonsy .

the following identity: t! = , we obtain the market clear conditions of the
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